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Several operational and synthesis problems of practical interest involve bilinear
terms. Commercial global solvers such as BARON appear ineffective at solving some
of these problems. Although recent literature has shown the potential of piecewise lin-
ear relaxation via ab initio partitioning of variables for such problems, several issues
such as how many and which variables to partition, which partitioning scheme(s) and
relaxation model(s) to use, placement of grid points, etc., need detailed investigation.
To this end, we present a detailed numerical comparison of univariate and bivariate
partitioning schemes. We compare several models for the two schemes based on differ-
ent formulations such as incremental cost (IC), convex combination (CC), and special
ordered sets (SOS). Our evaluation using four process synthesis problems shows a for-
mulation using SOS1 variables to perform the best for both partitioning schemes. It
also points to the potential usefulness of a 2-segment bivariate partitioning scheme for
the global optimization of bilinear programs. We also prove some simple results on
the number and selection of partitioned variables and the advantage of uniform place-
ment of grid points (identical segment lengths for partitioning). VVC 2009 American
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Introduction

The mass and energy balance equations in many chemical
engineering problems of practical interest (e.g., synthesis of
process/energy/water networks,1–5 pooling problems,1,6,7

scheduling of crude oil and refinery blending operations,8–10

distillation column sequencing,11 and fuel networks12 for oil
and gas processing industries) often involve products of tem-
perature and flow rate, enthalpy and flow rate, flow rate and
quality, flow rate and composition, etc. When such equations
appear in an optimization formulation, and both components
(flow rate, temperature, enthalpy, etc.) of a product term are
decision variables, then we have a bilinear term. Continuous
optimization problems with at least one bilinear term and
everything else being linear are called bilinear programs

(BLPs). A mixed-integer bilinear program (MIBLP) is a
BLP in which some decision variables are binary. Discrete
structural and/or operational decisions (e.g., selecting treat-
ment technologies for wastewater network or tanks for load-
ing, unloading, or blending) result in such binary variables
in a MIBLP.

BLP (and consequently MIBLP) is a nonconvex13 optimi-
zation problem, so local NLP solvers such as CONOPT,
MINOS, SNOPT, MSNLP, LGO cannot guarantee a globally
optimal solution. Even global solvers such as BARON fail
to converge or give a feasible solution to many such prob-
lems9–10 of practical interest. Therefore, attaining globally
optimal solutions for nonconvex BLPs and MIBLPs is a real,
important, and challenging issue.

Recently, Pham et al.7 proposed a heuristic approach for
obtaining near-global solutions to pooling problems by dis-
cretizing pooling qualities to eliminate the bilinear terms.
The resulting MILP is solved repeatedly with progressively
finer discretizations to obtain the desired solution accuracy.
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Although their approach uses many binary variables, it sol-
ves some benchmark problems to near-global optimality
much faster than some global solvers.

Many deterministic global optimization (GO)13–16 techni-
ques used for solving BLPs use the spatial branch-and-bound
(sBB) algorithm.17,18 The performance of such algorithms
depends critically on the branching strategy and quality of
solution bounds among others. Convex relaxation techniques,
which are commonly used to obtain these solution bounds,
can consume a significant portion of the computation time at
each node.2 Furthermore, poor relaxations can give loose
bounds and slow down such algorithms considerably. Thus,
both relaxation quality and efficient solution of relaxed sub-
problems are critical.

A common relaxation strategy for nonconvex factorable
BLPs is to replace each bilinear term by its convex enve-
lopes.19,20 Several GO frameworks21–24 have used this strat-
egy called linear programming (LP) relaxation. Although the
LP relaxation offers simplicity and solution efficiency, its
relaxation quality (and thus solution bounds) can be poor.

Another relaxation technique1,2,25–27 used an ab initio parti-
tioning of the search domain into multiple smaller subdomains
with separate LP relaxations. This piecewise linear relaxation
of bilinear terms has attracted interest in process synthesis,25

generalized pooling,1 heat exchanger networks,28 and inte-
grated water use and treatment.2 The need to combine the
individual relaxations in a seamless manner gives rise to a
MILP. Wicaksono and Karimi26 developed and compared sev-
eral MILP formulations for obtaining such piecewise linear
relaxation. These MILP formulations partition the domains of
selected variables appearing in the bilinear terms into exclu-
sive and exhaustive segments. Thus, the choices of variables
to partition and segment lengths are the key issues. Because a
bilinear term has two variables, three possible choices for par-
titioning are obvious. Two of these involve partitioning only
one of the two variables. This can be termed26,27 univariate
partitioning. The third choice is to partition both the variables.
This can be called bivariate27 partitioning.

All previously reported formulations for piecewise linear
relaxation (MILP relaxation), except the preliminary work of
Wicaksono and Karimi,27 use univariate partitioning. To our
knowledge, a comprehensive evaluation of bivariate parti-
tioning does not exist yet. Karuppiah and Grossmann2 men-
tioned the possibility of using bivariate partitioning, but pre-
ferred univariate partitioning for their study. They argued
that the additional binary and continuous variables in bivari-
ate partitioning might unacceptably increase the computa-
tional effort. Wicaksono and Karimi27 reported improved
relaxation quality from bivariate partitioning for a simple
benchmark problem, however did not perform an extensive
numerical comparison between univariate and bivariate parti-
tioning. Although bivariate partitioning does increase the
size of the MILP relaxation model, the size of the relaxation
model is not the only factor that affects the performance of
a GO algorithm. The quality of relaxation from a larger
model may be better than that from a smaller model. The
use of the larger model in a sBB-based GO algorithm may
result in fewer nodes or iterations and less computation time
to reach global optimality. As noted by Wicaksono and
Karimi,26 the computational effort for obtaining a piecewise
linear relaxation varies with the MILP formulation for the

relaxation. Thus, developing efficient and tighter formula-
tions for univariate and bivariate partitioning and evaluating
their performance numerically are of interest.

As pointed out by Misener et al.,29 formulations based on
the special ordered sets (SOS)30 can be effective in obtaining
piecewise linear relaxations for BLPs. They compared four
formulations [linear segmentation, convex hull, classic con-
vex combination (CC) with explicit binary variables, and
SOS] for piecewise linear approximation of nonlinear func-
tions for gas lifting operations. They found the formulation
using the SOS2 (special ordered set of type 2)31 variables to
be the best computationally. However, their study targeted
general nonlinear functions rather than just bilinear terms.
Recently, Gounaris et al.32 compared several univariate
piecewise relaxation formulations for several pooling prob-
lems, some of which were similar to the ones developed by
Wicaksono and Karimi.26 They proposed an interesting idea
of using SOS1 (special ordered set of type 1) variables to
partition the variable domains and showed it to be computa-
tionally attractive for the piecewise relaxation of bilinear
terms. However, they did not study bivariate partitioning and
relied on the direct declaration of SOS variables in optimiza-
tion solvers to implement SOS properties.

In this article, we present and evaluate various formula-
tions using univariate and bivariate partitioning for the
MILP relaxation of BLPs (and thus MIBLPs). First, we pres-
ent some simple results for selecting the partitioned variables
in univariate partitioning and the optimal choice of segment
lengths. Next, we present 10 MILP relaxation models using
the incremental cost (IC), CC, and SOS formulation
approaches for both univariate and bivariate partitioning.
Finally, we use four large process synthesis problems to
evaluate them numerically.

Problem Statement

Consider the following BLP.

Minimize f ðx; zÞ
s:t: gðx; zÞ � 0; hðx; zÞ ¼ 0

zij ¼ xixj i; jð Þ 2 B

xL � x � xU

where x is a vector of I (i ¼ 1, …, I) continuous variables, zij
represents the bilinear product of xi and xj, B ¼ {(i, j) | zij ¼
xixj}, f(x, z) is linear scalar function, and h(x, z) and g(x, z) are
linear vector functions. With no loss of generality, we
represent the above BLP as follows.

Minimize f ðx; zÞ
s:t: gðx; zÞ � 0; hðx; zÞ ¼ 0

zij ¼ xixj i; jð Þ 2 B

0 � x � 1

As discussed earlier, we may have multiple bilinear terms
in any given problem, and two options exist for relaxing each
of them. One is to use LP relaxation, and the other is to use a
piecewise relaxation. Which combination of the two relaxa-
tion strategies is the best for a given problem is still an open
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question that is beyond the scope of this work. In this article,
we obtain a piecewise linear relaxation of S ¼ fðx; zÞjzij
¼ xixj; ði; jÞ 2 B; 0 � x � 1g with the assumption that only
piecewise relaxation is used for each bilinear term.

Partitioning

The first step in developing a piecewise linear relaxation
is to partition one or more variables in a bilinear term. The
univariate (bivariate) strategy partitions only one (both) of
the two variables in a bilinear term. However, if two varia-
bles appear in a bilinear term, and both are partitioned, then
it is not necessary to use bivariate partitioning for relaxing
that bilinear term. One can still use univariate partitioning
for that term. To illustrate this, consider a BLP with three
bilinear terms: z12 ¼ x1x2, z23 ¼ x2x3, and z31 ¼ x3x1. We
can achieve the univariate piecewise relaxation of all three
terms by partitioning (x1 and x2), (x1 and x3), or (x2 and x3).
It is clear that for each choice, one bilinear term will have
both its variables partitioned. Thus, we have two choices for
relaxing that term. We can select any of the two variables
and relax that term using the univariate strategy, or we can
use the bivariate strategy. Thus, the issue of identifying the
best mix of univariate and bivariate strategies is unad-
dressed. While the literature so far has used no partitioning
or univariate partitioning for all bilinear terms, bivariate par-
titioning or mixed partitioning (both univariate and bivariate)
schemes have not been used. In this article, we do not
address mixed strategy, but use either univariate or bivariate
piecewise relaxation strategy uniformly across all bilinear
terms.

We now address the question of how many and which
variables one should partition. For any given problem, a fea-
sible solution to the following IP gives us the minimum-car-
dinality set of partitioned variables, assuming that one uses a
piecewise relaxation (univariate or bivariate) for each bilin-
ear term.

Minimize
XI
i¼1

yi subject to yi þ yj � 1 for each ði; jÞ 2 B

where yi ¼
1 if i is partitioned

0 otherwise

�

If P ¼ {i | xi is not partitioned}, then P is nonempty
(empty) for univariate (bivariate) partitioning. After selecting
the variables to partition, we must decide how to partition.
Let us partition xi, i 62 P, 0 � xi � 1, into Ni arbitrary,
exclusive, and exhaustive segments using Niþ1 grid points
(ain, n ¼ 0, 1, …, Ni, ai0 ¼ 0, aiNi

¼ 1). Denote din ¼ ain �
ai(n�1) as the length of segment n {[ai(n�1), ain], n ¼ 1, …,
Ni}. The simplest option for positioning these grid points is
to place them uniformly in [0,1], i.e., to use identical seg-
ment lengths. We may term this as uniform placement as
opposed to nonuniform placement (nonidentical segment
lengths). Although uniform placement seems to be the sim-
plest, the criteria for and identification of optimal placement
have not been addressed. We now show that uniform place-
ment is in fact optimal with respect to one simple criterion.
However, this may not necessarily be optimal from the per-
spective of solving the BLP efficiently.

The LP relaxation19 of {zij ¼ xixj, 0 � zij, xi, xj � 1} has
the following convex (Eq. 1) and concave (Eqs. 2) linear
estimators.

zij � xi þ xj � 1 ði; jÞ 2 B (1)

zij � xi ði; jÞ 2 B (2a)

zij � xj ði; jÞ 2 B (2b)

Androulakis et al.33 showed that the maximum separation of
zij from its convex underestimators (zij � 0 and Eq. 1) is 1/4
and occurs at xi ¼ xj ¼ 1/2. Appendix A generalizes the same
result for the the entire convex and concave envelope (zij � 0,
Eqs. 1 and 2).

Consider an arbitrary segment n of xi (i 62 P) for the uni-
variate partitioning of {zij ¼ xixj, 0 � xi, xj � 1}. The maxi-
mum separation of zij from the LP relaxation for this seg-
ment is din/4. For the ‘‘best’’ partitioning, let us minimize
the sum of squares of these separations for all the Ni seg-
ments. This gives us the following optimization problem.

Minimize
XNi

n¼1

d2in
16

subject to
XNi

n¼1

din ¼ 1

The optimal solution for the above (Appendix B) is the
uniform placement (din ¼ 1/Ni), which holds for bivariate
partitioning (Appendix B) as well.

Lemma I

The uniform placement of grid points for both univariate
and bivariate partitioning is a scheme that minimizes the
sum of squares of the maximum separation of zij ¼ xixj from
its LP relaxation in each segment.

In the absence of any other easy justification for selecting
the best placement strategy, we use din ¼ di ¼ 1/Ni in this
work based on the aforementioned result. Thus, ain ¼ ndi ¼
n/Ni. Every value of xi must fall in one of the Ni partitions.
The literature1,2,26,32 has used several approaches for model-
ing this basic fact and developed various formulations for
piecewise linear relaxation. Wicaksono and Karimi26 com-
pared three alternate formulations based on univariate parti-
tioning, namely big-M, CC, and IC.34 They concluded that
the big-M approach can exhibit poor relaxation quality and
is not competitive. Therefore, we do not use the big-M
approach in this work. In contrast, IC and CC models repre-
sent convex hulls, but differ in solution speed. In this work,
we develop and compare several new univariate and bivari-
ate formulations for the MILP relaxation of S ¼ {(x, z) | zij
¼ xixj, (i, j) [ B, 0 � x � 1} using the IC, CC, and SOS
approaches. For completeness, we also include the best IC
and CC univariate formulations of Wicaksono and Karimi.26

Incremental Cost Formulations

In this approach, the following binary variable26,30,34 is
used to model xi.

lin ¼ 1 if xi � ndi
0 otherwise

�
i 62 P; 1 � n � Ni � 1

lin � li nþ1ð Þ i 62 P; 1 � n � Ni � 2
(3)
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Wicaksono and Karimi26 introduced the use of global dif-
ferential variables to model xi in conjunction with lin and
presented a formulation (NF12) for univariate partitioning
with uniform placement. NF12 in terms of our notation is as
follows:

xi ¼ di
XNi�1

n¼1

lin þ Dxi i 62 P (4a)

0 � Dxi � di i 62 P (4b)

zij ¼ di
XNi�1

n¼1

Dvijn þ Dzij ði; jÞ 2 B; i 62 P; j 2 P (5)

0 � DvijðNi�1Þ � DvijðNi�2Þ � … � Dvij2 � Dvij1 � xj

ði; jÞ 2 B; i 62 P; j 2 P ð6Þ
Dvij1 � li1 þ xj � 1 ði; jÞ 2 B; i 62 P; j 2 P (7a)

Dvijn � lin � liðn�1Þ
� �

þ Dvijðn�1Þ

ði; jÞ 2 B; i 62 P; j 2 P; 2 � n � Ni � 1 ð7bÞ

DvijðNi�1Þ � liðNi�1Þ ði; jÞ 2 B; i 62 P; j 2 P (7c)

Dzij � Dxi ði; jÞ 2 B; i 62 P; j 2 P (8a)

Dzij � dixj ði; jÞ 2 B; i 62 P; j 2 P (8b)

Dzij � Dxi þ di xj � 1
� � ði; jÞ 2 B; i 62 P; j 2 P (8c)

We call the above model U-IC, where U signifies univari-
ate partitioning.

Following the approach of Wicaksono and Karimi,26 we
now develop a formulation analogous to U-IC for bivariate
partitioning. Using Eqs. 3 and 4, we express,

zij ¼ didj
XNi�1

n¼1

XNj�1

m¼1

hijmn þ
XNi�1

n¼1

diDvijn

þ
XNj�1

m¼1

djDvjim þ Dzij ði; jÞ 2 B ð9Þ

where hijmn ¼ linljm, Dvijn ¼ linDxj, and Dzij ¼ DxiDxj. We
linearize hijmn ¼ linljm by using the following with hijmn � 0,

hijmn � lin þ ljm � 1

ði; jÞ 2 B; 1 � n � Ni � 1; 1 � m � Nj � 1 ð10aÞ
hijmn � lin ði; jÞ 2 B; 1 � n � Ni � 1; 1 � m � Nj � 1

(10b)

hijmn � ljm ði; jÞ 2 B; 1 � n � Ni � 1; 1 � m � Nj � 1

(10c)

For linearizing Dvijn ¼ linDxj, we use the bounds [li2, 1]
for li1, [li(nþ1), li(n�1)] for lin (n ¼ 2 to Ni�1), [0, li(N�1)]
for liN, and [0, dj] for Dxj to obtain,

0� DvijðNi�1Þ � DvijðNi�2Þ �…� Dvij2 � Dvij1 � Dxj ði; jÞ 2 B

(11)

Dvij1 � djli1 þ Dxj � dj ði; jÞ 2 B (12a)

Dvijn � dj lin � liðn�1Þ
h i

þ Dvijðn�1Þ

ði; jÞ 2 B; 2 � n � ðNi � 1Þ ð12bÞ
DvijðNi�1Þ � djliðNi�1Þ ði; jÞ 2 B (12c)

Lastly, to linearize Dzij ¼ DxiDxj for (i, j) [ B, we use the
following:

Dzij � diDxj ði; jÞ 2 B (13a)

Dzij � djDxi ði; jÞ 2 B (13b)

Dzij � diDxj þ djDxi � didj ði; jÞ 2 B (13c)

This completes our model B-IC (Eqs. 3, 4, 9–13)
for bivariate partitioning, where B signifies bivariate parti-
tioning.

Convex Combination Formulations

The best CC formulation (NF11) from Wicaksono and
Karimi26 based on global incremental variables uses the fol-
lowing binary variable and constraints along with Eqs. 4b
and 8.

kin ¼ 1 if ðn� 1Þdi � xi \ ndi
0 otherwise

i 62 P; 1 � n � Ni

�
XNi

n¼1

kin ¼ 1 i 62 P (14)

xi ¼ di
XNi

n¼1

ðn� 1Þkin þ Dxi i 62 P (15a)

xj ¼
XNj

n¼1

Dyjn j 2 P (15b)

zij ¼ di
XNi

n¼1

ðn� 1ÞDyjn þ Dzij ði; jÞ 2 B; i 62 P; j 2 P

(16)

0 � Dyjn � kin ði; jÞ 2 B; i 62 P; j 2 P (17)

We call the above model U-CC (Eqs. 4b, 8, 14–17).
As we did for IC, we obtain a model B-CC for bivariate

partitioning analogous to U-CC as follows. Using Eqs. 14
and 15, we obtain,

zij ¼ didj
XNi

n¼1

XNj

m¼1

m� 1ð Þ n� 1ð Þdijmn þ
XNi

m¼1

n� 1ð ÞdiDyijn

þ
XNj

m¼1

m� 1ð ÞdjDyjim þ Dzij ði; jÞ 2 B ð18Þ
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where dijmn ¼ kinkjm, Dzij ¼ DxiDxj, and Dyijn ¼ kinDxj for (i, j)
[ B. We linearize35 dijmn ¼ kinkjm and Dyijn ¼ kinDxj by using
the following with dijmn � 0 and Dyijn � 0.

XNj

m¼1

dijmn ¼ kin ði; jÞ 2 B; 1 � n � Ni (19a)

XNi

n¼1

dijmn ¼ kjm ði; jÞ 2 B; 1 � m � Nj (19b)

XNi

n¼1

Dyijn ¼ Dxj ði; jÞ 2 B (20a)

Dyijn � djkin ði; jÞ 2 B; 1 � n � Ni (20b)

Dyijn � dj kin � 1ð Þ þ Dxj ði; jÞ 2 B; 1 � n � Ni (20c)

Then, including Eqs. 13–15 to linearize Dzij ¼ DxiDxj, we
get model B-CC (Eqs. 13–15 and 18–20) for bivariate
partitioning.

In addition to the IC and CC approaches, which both
make use of explicit binary variables, a third approach is to
express xi as a CC of grid points using SOS variables. We
now present models based on this approach.

SOS Formulations

This approach expresses xi as follows:

xi ¼ di
XNi

n¼1

nfin i 62 P (21a)

XNi

n¼0

fin ¼ 1 i 62 P (21b)

where 0 � fin � 1 are SOS2 variables, i.e., at most two of them
can be positive, and the two must be adjacent.

For univariate partitioning, we obtain the following using
Eqs. 21.

zij ¼ di
XNi

n¼1

nwijn ði; jÞ 2 B; i 62 P; j 2 P (22)

where wijn ¼ finxj for (i, j) [ B, i 62 P, j [ P. Then, we use the
following constraints to linearize this.

wijn � fin ði; jÞ 2 B; i 62 P; j 2 P (23a)

XNi

n¼0

wijn ¼ xj ði; jÞ 2 B; i 62 P; j 2 P (23b)

wijn � fin þ xj � 1 ði; jÞ 2 B; i 62 P; j 2 P (23c)

Equations 21–23 and wijn � 0 constitute the formulation
using SOS2 variables for univariate partitioning. We call this
model U-SOS2-I, where I signifies that SOS2 variables are
handled implicitly by the solver. GAMS/CPLEX36 accepts
and solves models with SOS2 variables by using binary vari-

ables internally. Balas37 proved that SOS2 formulations rep-
resent the convex hull.

Although GAMS/CPLEX uses binary variables internally
to handle SOS2 variables, our experience suggests that han-
dling SOS2 constraints using explicit binary variables may
be better in some instances. Therefore, we use the following
approach proposed by Keha et al.30:

gin ¼
1 if only fin and fi nþ1ð Þ are positive

0 otherwise

i 62 P; 0 � n � Ni � 1

8<
:

XNi�1

n¼0

gin ¼ 1 i 62 P (24)

fi0 � gi0 i 62 P (25a)

fin � giðn�1Þ þ gin i 62 P; 1 � n � Ni � 1 (25b)

fiNi
� giðNi�1Þ i 62 P (25c)

Note that fin is now just an ordinary continuous variable.
We call this model (Eqs. 21–25) U-SOS2-E, where E signifies
the use of explicit binary variables to handle SOS2 variables.

While U-SOS2-E treats gin as binary, we can also declare
them as SOS1 variables, and let GAMS/CPLEX handle them
implicitly. Thus, we have an alternate model that is the same
as U-SOS2-E, but binary variables are treated as SOS1 vari-
ables. We call this model U-SOS1-I.

In the above, we presented three univariate models (U-
SOS2-I, U-SOS2-E, and U-SOS1-I) based on the SOS
approach. As done earlier for other models, we can derive
analogous bivariate SOS models, namely B-SOS2-I, B-

SOS2-E, and B-SOS1-I. All three models use Eqs. 26 and
27 instead of Eqs. 22 and 23.

zij ¼ didj
XNi

n¼1

XNj

m¼1

mnxijmn ði; jÞ 2 B (26)

XNj

m¼0

xijmn ¼ fin ði; jÞ 2 B; 0 � n � Ni (27a)

XNi

n¼0

xijmn ¼ fjm ði; jÞ 2 B; 0 � m � Nj (27b)

The 10 models (U-IC, B-IC, U-CC, B-CC, U-SOS2-I, U-
SOS2-E, U-SOS1-I, B-SOS2-I, B-SOS2-E, and B-SOS1-I)
presented above have different model sizes. All represent the
convex hull,26,37 but may differ in computational speed. The
bivariate models would be larger than their univariate coun-
terparts, but may yield higher piecewise gain (PG).26 We
now evaluate these models numerically for several case stud-
ies. The set of partitioned variables for each case study was
determined by solving the IP presented earlier.

Case Studies

We present four case studies. The first (MIBLP) is the
synthesis of heat exchanger networks (HENS). The second
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(MIBLP) is the generalized pooling problem from Meyer
and Floudas.1 The third (BLP) is the synthesis of integrated
water-using and water-treating networks from Karuppiah and
Grossmann.2 The fourth (BLP) is a nonsharp distillation col-
umn sequencing problem from Floudas et al.11

For all runs, we used a Dell Precision AW-T7400 with
Quad-Core Intel

VR
Xeon

VR
X5492 (3.4 GHz) Processor, 64

GB of RAM, Windows XP Professional x64, GAMS 22.8,
CPLEX v.11.1.1 as the LP and MILP solver, CONOPT v.3
and MINOS v.5.51 as the NLP solvers, and BARON v.7.5
and DICOPT as the MIBLP solvers. We used Ni ¼ 2, 3, and
4 for all case studies and set the relative gap tolerance to
zero for all runs to achieve optimality. We set 5000 CPU s
as the upper limit for each run. If a model fails to reach an
optimal solution within this time, then we take 5000 CPU s
as its solution time.

GAMS/CPLEX allows one to specify branching priorities
for the binary variables. In solving MIBLPs, we have two
types of binary variables. One belongs to the original
MIBLP model, and the other is used to model partitioning
and piecewise linear relaxation. The second type includes
the SOS and binary variables (lin, kin, fin). Only one of
these variables appears in each model. We observed that giv-
ing priorities to these variables for branching reduces the
solution times drastically. Therefore, we use the prioropt
option in GAMS to specify that SOS or binary variables
(lin, kin, fin) must be branched first while solving a model.
We do not assign any priority to the binary variables that
are not meant for partitioning.

Case study 1: HENS

If one allows stream splitting in a HENS problem and
relaxes the assumption of isothermal mixing to include more
alternatives, then the optimization formulation involves bilin-
ear terms involving the products of flow and temperature
and heat transfer area and temperature. Appendix C presents
such a MIBLP model for HENS, which we use as the base
formulation for this case study. The model uses a two-stage
superstructure38 of two hot (H1 and H2) and two cold (C1
and C2) streams. In each stage, splits of process streams (hot
or cold) exchange heat using 2-stream exchangers. Utility-
based coolers and heaters are at the ends of the superstruc-
ture. Table 1 gives the stream and cost data.

The MIBLP model has linear objective and constraints,
except the energy balances and heat transfer equations that
involve bilinear terms. It has 12 binary variables, 88 continu-
ous variables, 28 nonlinear constraints, and 52 bilinear
terms. DICOPT with default initialization scheme in GAMS

fails to give a feasible solution for this problem. BARON
with the default starting point keeps on iterating for more
than 5000 CPU s with an initial lower bound (LB) of
1155.25 and upper bound (UB) of 3,288,000. The bilinear
terms involve 72 variables and we select 28 variables (Ahck,
Acuh, Ahuc, fhhck, and fchck) for univariate partitioning.

Case study 2

This is the generalized pooling problem on wastewater
treatment networks from Meyer and Floudas.1 We refer to
the work of Meyer and Floudas as MF. The case study
involves 7 source nodes and 1 sink node for effluents. The
goal is to reduce three contaminants in the source streams
before the effluent can be discharged to the sink. The super-
structure (Figure 1 of MF) has 10 wastewater treatment
plants with various technologies. Appendix D presents the
MIBLP model that forms the basis for this case study.
Tables MF-A1 to MF-A9 have the relevant data. Because
MF does not provide all the variable bounds, we set as ¼ dst
¼ fsources and bt, ctt0, and et to be the sum of all fsources based
on our understanding of the problem. In this case study, LB
is very sensitive to the UB of qct, which is the quality of
contaminant c in effluent t. Conservatively, we set this UB
as the sum of the qualities at the source.

We use the formulation of MF for a single sink. It consists
of two types of bilinear terms. One involves the products of
the quality (qct) and the input flows to plants from sources
(dst) and other plants (ct0t). These bilinear terms are present
in Eqs. 16 and 17 of MF. Following Tawarmalani et al.39

and Liberti and Pantelides,40 we consider any product
involving one continuous variable and a sum of several con-
tinuous variables as sums of bilinear terms of two variables.
In other words, we replace qct

P
s2S dst by

P
s2S qctdst and

qct
P

t02TnðtÞ ct0t by
P

t02TnðtÞ qctct0t. This improves the relaxa-
tion quality.39 The selection of treatment plants and the exis-
tence of various network streams are modeled using binary
variables, which result in a large MIBLP. This MIBLP has
187 binary variables, 190 continuous variables, 33 nonlinear
constraints, and 1290 bilinear terms. For univariate models,
we partition all the 30 quality variables. As in the previous
case study, DICOPT cannot solve even the relaxed MINLP,
and BARON with the default starting point keeps on iterat-
ing with an initial LB of 102,766 and UB of 1,386,980.

Case study 3

The third case study (Example 4 of Karuppiah and Gross-
mann2) involves the synthesis of integrated water use and
treatment systems. We use KG to refer to that work and
adopt their notation for equations, figures, tables, and sec-
tions. Appendix E gives the BLP model from KG, which we
use as the base formulation for this case study. 5 process
units (PU1-5) in the network consume fresh or treated water
and generate water with three contaminants (A, B, C). This
contaminated water is treated in three treatment units (TU1-
3). Tables KG-7 and KG-8 in section KG-7.4 list the numer-
ical data for this case study. The superstructure (Figure KG-
17) has 9 splitters (SU1-9) and 9 mixers (MU1-9). Because
MU1-5 supply water at fixed flows to PU1-5, the UBs on
the flows to MU1-5 are set at these fixed flows. Similarly,

Table 1. Stream Data for Case Study 1

Stream

Initial
Temperature

(�C)

Final
Temperature

(�C)

Heat
Capacity

Flowrate (kW/C)

H1 180 75 30
H2 240 60 40
C1 40 230 35
C2 120 300 20
Cold utility 25 40 –
Hot utility 325 325 –
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the UBs on the split flows from SU2-6 are also set at the
same fixed flows. The maximum discharge limit for all con-
taminants is 10 ppm. Because PU1-5 have upper limits on
the allowable contaminant flows, the UBs on the contami-
nant flows are set to these limits. For the remaining water
and contaminant flows, we use the total flow to PU1-5 and
100 ppm, respectively, as the UBs. All LBs are set to zero.

We take the model of KG as the base formulation, but
with a linear objective, which is to minimize the fresh water
consumption and total flow to TU1-3. We use Eqs. KG-1a,

2–9, and 15 and simplify the KG model further by reducing
several variables and constraints. First, we replace the total
fresh water flow variables by the total split flows from SU1
in Eq. KG-4. Second, we assume the fresh water to be con-
taminant-free, hence eliminate the part of Eq. KG-5 for SU1.
Similarly, we assume the fresh water to MU1-5 also to be
contaminant-free. We treat Eq. KG-6 as a bound. We elimi-
nate 15 bilinear terms by replacing the flows to PU1-5 by
their fixed values in Eq. KG-3. Note that Eq. KG-3 modeling
the individual contaminant balances is the only source of

Table 2. Model Statistics for the Case Studies

Partition Type
Model Type Ni

Univariate Bivariate

IC
U-IC

CC
U-CC

SOS
IC
B-IC

CC
B-CC

SOS

U-SOS2-I U-SOS2-E U-SOS1-I B-SOS2-I B-SOS2-E B-SOS1-I

Case study 1
Binary variables 2 40 68 12 68 12 86 160 12 160 12

3 68 96 12 96 12 160 234 12 234 12
4 96 124 12 124 12 234 308 12 308 12

Continuous variables 2 276 326 430 430 486 426 686 834 834 982
3 328 362 510 510 594 686 1050 1272 1272 1494
4 380 408 590 590 702 1050 1518 1814 1814 2110

Constraints 2 497 519 623 735 735 855 1189 617 913 913
3 629 571 727 867 867 1605 1501 721 1091 1091
4 761 623 831 999 999 2667 1813 825 1269 1269

Nonzeros 2 1341 1379 1777 2029 2029 2311 3343 2423 3089 3089
3 1789 1637 2197 2561 2561 4509 4999 3715 4677 4677
4 2237 1895 2617 3093 3093 7539 6967 5319 6577 6577

Case study 2
Binary variables 2 217 247 187 247 187 387 587 187 587 187

3 247 277 187 277 187 587 787 187 787 187
4 277 307 187 307 187 787 987 187 987 187

Continuous variables 2 2028 1860 2770 2770 2830 3220 5770 6170 6170 6570
3 2538 2030 3310 3310 3400 5770 9340 9940 9940 10540
4 3048 2200 3850 3850 3970 9340 13930 14730 14730 15530

Constraints 2 4096 3788 4808 4928 4928 7328 10078 4468 5268 5268
3 5144 4298 5628 5978 5978 14158 13138 5488 6488 6488
4 6192 4808 6848 7028 7028 24048 16198 6508 7708 7708

Nonzeros 2 12811 11857 15797 16067 16067 21487 30557 20047 21847 21847
3 16465 13617 19427 19817 19817 41467 45747 31157 33757 33757
4 20119 15377 23057 23567 23567 69607 63997 45327 48727 48727

Case study 3
Binary variables 2 73 146 0 146 0 344 688 0 688 0

3 146 219 0 219 0 688 1032 0 1032 0
4 219 292 0 292 0 1032 1376 0 1376 0

Continuous variables 2 1089 1308 1658 1658 1804 1978 2893 3566 3956 4644
3 1308 1527 1950 1958 2170 3268 5074 6106 6106 7138
4 1527 1746 2242 2242 2534 5074 6498 8772 8774 10148

Constraints 2 1873 1946 2384 2676 2676 3965 4897 2488 4137 4137
3 2384 2165 2822 3187 3187 7663 7147 3277 4997 4997
4 2895 2384 3260 3698 3698 12909 7525 3793 5857 5857

Nonzeros 2 4779 4925 6531 7188 7188 10362 13504 9246 13461 13461
3 6531 5947 8210 9159 9159 21177 23579 16453 20925 20925
4 8283 6969 9889 11130 11130 36114 28899 24083 29931 29931

Case study 4
Binary variables 2 6 12 0 12 0 72 144 0 144 0

3 12 18 0 18 0 144 216 0 216 0
4 18 24 0 24 0 216 288 0 288 0

Continuous variables 2 65 61 93 93 105 205 265 409 409 553
3 77 65 111 111 129 265 349 565 565 781
4 89 69 129 129 153 349 457 745 745 1031

Constraints 2 107 105 129 153 153 245 377 245 533 533
3 137 117 153 183 183 473 449 269 629 629
4 167 129 177 213 213 773 521 293 725 725

Nonzeros 2 274 262 360 414 414 664 1012 833 1481 1481
3 376 314 456 534 534 1336 1504 1229 2165 2165
4 478 366 552 654 654 2200 2068 1697 2921 2921
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bilinearity (stream flow � contaminant concentration). The
base model has 264 constraints, 344 variables (86 flow and
258 concentration), and 219 bilinear terms. While Example
4 in KG is a nonconvex NLP, our modification is a BLP.
We partition the 86 flow variables in our univariate models.
CONOPT and MINOS show infeasibility and fail to reach
even a local solution to this BLP. BARON does not show
infeasibility, but begins with a poor LB of 40 and UB of
262.2, which do not improve even after a long time.

Case study 4

The final case study involves a benchmark process network
synthesis problem from Floudas et al.11 It is a column-sequenc-
ing problem for nonsharp distillation, which was formulated as
a BLP with 24 variables, 17 constraints, and 12 bilinear terms.
The bilinear terms involve six flow and four composition varia-
bles. The UBs on all flow variables are set to 180 kg/(mol h)
and the LB for the flow of stream-18 is set to 10 kg/(mol h)

without cutting off the reported global optimal solution. For
our univariate models, we partition the flow variables.

Results and Discussion

Table 2 lists the model statistics for the case studies. Ta-
ble 3 gives the CPU times and branch-and-bound nodes for
various runs. Overall, the univariate models are more effi-
cient, require fewer nodes, often outperform other models by
a clear distance, and work well for both BLPs and MIBLPs.
However, they provide poorer relaxations when compared
with bivariate models. SOS1 models seem to be the most
competitive overall. U-SOS1-I, U-IC, and B-SOS1-I are the
most efficient. Because the SOS variables seem to work bet-
ter when they are prioritized for branching before the intrin-
sic binary variables of the MIBLPs in GAMS/CPLEX, the
results in Table 3 involve the use of such a branching prior-
ity. Note that we assign priority (over the intrinsic binary
variables) to the SOS variables only, and no priorities to the

Table 3. Solution Statistics for the Case Studies

Partition Type
Model Type Ni

Univariate Bivariate

IC
U-IC

CC
U-CC

SOS
IC
B-IC

CC
B-CC

SOS

U-SOS2-I U-SOS2-E U-SOS1-I B-SOS2-I B-SOS2-E B-SOS1-I

Case study 1
CPU time (s) 2 0.203 0.562 0.187 0.203 0.203 0.874 0.968 1.203 0.687 0.421

3 0.218 0.203 0.265 0.312 0.313 4.406 4.578 46.265 3.156 1.843
4 0.218 0.765 0.296 0.531 0.431 17.921 10.281 2676.837 5.125 14.559

Nodes 2 40 1191 98 80 80 703 871 2277 593 424
3 120 122 194 214 214 1791 1609 145629 2592 1446
4 96 709 305 490 490 4366 3116 2901048 3697 19065

Case study 2
CPU time (s) 2 0.921 0.687 0.937 0.593 0.59 2.296 5.359 2.75 1.421 1.406

3 0.765 0.984 1.187 0.937 0.918 10.062 7.265 4.703 2.734 2.765
4 0.984 1.124 1.484 0.984 0.981 21.547 14.421 48.922 13.65 12.718

Nodes 2 80 56 105 58 58 80 134 332 77 77
3 57 93 103 77 77 154 100 317 131 131
4 50 118 92 66 66 113 107 1054 230 230

Case study 3
CPU time (s) 2 0.14 0.171 0.421 0.14 0.156 471.628 5.64 5000 45.469 77.753

3 0.187 0.203 1.109 0.156 0.171 5000 5000 5000 5000 1390
4 0.171 0.203 2.203 1.609 0.64 5000 5000 5000 5000 5000

Nodes 2 1 1 141 1 1 14371 700 – 995 997
3 1 1 186 1 1 – – – – 35032
4 1 1 205 30 1 – – – – –

Case study 4
CPU time (s) 2 0.015 0.093 0.046 0.015 0.001 0.109 0.124 0.015 0.109 0.125

3 0.093 0.078 0.093 0.015 0.015 0.203 0.187 0.015 0.124 0.14
4 0.093 0.093 0.109 0.093 0.015 0.203 0.203 0.062 0.187 0.14

Nodes 2 1 1 5 1 1 6 7 53 8 8
3 1 1 5 1 1 10 8 42 25 25
4 1 1 5 1 1 17 1 58 31 31

Table 4. MILP Objective and Piecewise Gains (PG) for Univariate and Bivariate Partitioning

Ni

Case Study 1 Case Study 2 Case Study 3 Case Study 4

Univariate Bivariate Univariate Bivariate Univariate Bivariate Univariate Bivariate

MILP Objective 2 95018.6 116383.4 400956.5 406187.2 184.2 184.2 1.279 1.431
3 100463.4 123899.9 410434.5 412197.5 184.2 190.5 1.279 1.431
4 108613.4 134060.6 413210.2 414728.0 184.2 218.6 1.279 1.431

PG 2 0.001 0.226 0 0.013 0 0 0 0.119
3 0.058 0.305 0.024 0.028 0 0.034 0 0.119
4 0.144 0.412 0.031 0.034 0 0.187 0 0.119
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intrinsic variables. For BLPs (case studies 3 and 4), no pri-
oritization is required. However, further detailed studies are
required to optimize the branching strategies in GAMS for
SOS formulations.

One or more SOS models outperform IC and CC models
in each case study. Thus, the SOS formulations in general
seem more attractive computationally than the IC and CC
formulations.

Although U-SOS2-I and B-SOS2-I do not use explicit bi-
nary variables, they are not as efficient computationally as
U-SOS2-E and B-SOS2-E in many instances. Thus, it is not
always beneficial to use the implicit SOS2 structure for
piecewise relaxation.

One major goal of piecewise relaxation is to improve the
quality of relaxation over that of the LP relaxation. There-
fore, it is crucial to measure the improvement or gain in the
quality of relaxation. Wicaksono and Karimi26 defined piece-
wise gain (PG) for this purpose as follows:

PG ¼ MILPObjective � LPObjective

LPObjective
(28)

PG ¼ 0 means no gain from the piecewise relaxation over
LP relaxation, with higher values being more desirable. The
objective values from the LP relaxation are 94959.6,
400956.5, 184.2, and 1.279, respectively, for case studies 1–
4. Table 4 lists the MILP objectives and PG values for each
case study. As expected, they are the same for all models for
a given partitioning scheme, but increase with Ni. Most
importantly, for a given Ni, bivariate partitioning improves
the MILP objective and gives a higher PG. For case study 1,
PG for bivariate partitioning is as high as 0.412 for Ni ¼ 4.
Except for case study 2, the highest PG (Ni ¼ 4) for univari-
ate partitioning is even lower than that for bivariate parti-
tioning with Ni ¼ 2. Significantly, while no univariate model
improves PG even with increasing Ni for case studies 3 and
4, bivariate models increase it each time. Note that case
studies 3 and 4 are BLPs, and not MIBLPs. Overall, bivari-
ate partitioning improves PG in all case studies, while uni-
variate partitioning fails to do so for the two BLPs.

Considering the tradeoff between relaxation quality and
computational performance, the case of Ni ¼ 2 seems partic-
ularly interesting, as the bivariate models seem competitive
with univariate models in terms of CPU times for Ni ¼ 2.
Their performance is consistent except for case study 3,
where they fail to converge even after 5000 CPU s for Ni [
2. Table 5 gives the relative CPU times41 with Ni ¼ 2 for
the 10 models. The relative CPU time defined for this pur-
pose is as follows:

Relative CPU time

¼ CPU time for the current model

Least CPU time from among the 10 models
ð29Þ

These are computed based on the minimum CPU time by
any model for given case study and Ni. Because the CPU
times invariably increase with Ni, a 2-segment bivariate par-
titioning scheme offers an attractive compromise between
relaxation quality and computation time.

We also compared U-SOS1-I and B-SOS1-I on case study
2 for a given CPU time with Ni ¼ 2. Case study 2 is the
largest in terms of model size among the four case studies.
When we allow a CPU time of 0.3 s, the best MILP objec-
tive values obtained by U-SOS1-I and B-SOS1-I are
400956.47 (PG ¼ 0) and 416727.51 (PG ¼ 0.04), respec-
tively. Thus, the MILP objective improves faster for B-

SOS1-I than U-SOS1-I. This again highlights the benefit of
bivariate partitioning.

Conclusions

We addressed piecewise linear relaxation of BLPs using a
variety of modeling approaches and partitioning strategies.
Using four moderate-size process synthesis problems, we
presented a detailed numerical comparison of the bivariate
versus univariate partitioning schemes. We used uniform
placement of grid points for partitioning based on our proof
that it results in the least sum of squares of the maximum
separations of individual LP relaxations. During the process,
we also evaluated the effectiveness of the special ordered set
(SOS) formulations versus CC and IC formulations. A for-
mulation with SOS1 construction seems to be the best option
for both univariate and bivariate partitioning. Although
bivariate partitioning scheme does not seem more attractive
than the univariate scheme in solution efficiency, it improves
the relaxation quality consistently. Although neither univari-
ate nor bivariate partitioning give guaranteed, better overall
computational performance of a GO algorithm, keeping in
mind the tradeoff between solution time and relaxation qual-
ity, a 2-partition-based bivariate partitioning scheme may be
attractive.
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Table 5. Relative CPU Times for Various Models with Ni 5 2

Partition Type
Model Type

Case Study\ Model

Univariate Bivariate

IC
U-IC

CC
U-CC

SOS
IC
B-IC

CC
B-CC

SOS

U-SOS2-I U-SOS2-E U-SOS1-I B-SOS2-I B-SOS2-E B-SOS1-I

1 1.09 3.01 1 1.09 1.09 4.67 5.18 6.43 3.67 2.25
2 1.56 1.16 1.59 1.01 1 3.89 9.08 4.66 2.41 2.38
3 1 1.22 3.01 1 1.11 3368.8 40.3 35714.3 324.8 555.4
4 15 93 46 15 1 109 124 15 109 125
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Notation

i, j ¼ variable
xi ¼ variable i
zij ¼ bilinear product of xi and xj
Ni ¼ number of segments into which xi is partitioned
ain ¼ grid point n defining the partitions
di ¼ length of each partition of xi

Dxi ¼ global differential variable for xi
Dzij ¼ global differential variable for zij
Dvijn ¼ bilinear product of lin and Dxj

yi ¼ 1 if i 62 P
lin ¼ 1 if xi � ndi
kin ¼ 1 if (n�1)di � xi � ndi
gin ¼ 1 if only fin and fi(nþ1) are positive
fin ¼ SOS2 variable for xi at segment n
wijn ¼ bilinear product of fin and xj
hijnm ¼ bilinear product of lin and ljm
xijnm ¼ bilinear product of fin and fjm
dijnm ¼ bilinear product of kin and kjm
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Appendix A: Maximum departure of z from its
convex and concave envelopes

The LP relaxation for z ¼ xy with 0 � x � xU, 0 � y �
yU is given by:

z � 0 (A1)

z � yUxþ xUy� xUyU (A2)
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z � xUy (A3)

z � yUx (A4)

The maximum departure of z from its LP relaxation can
be obtained by solving the following optimization problem:

min
x;y;z

jxy� zj
subject to z� xUy � 0

z� yUx � 0

yUxþ xUy� xUyU � z � 0

� z � 0;�x � 0;�y � 0; x� xU � 0; y� yU � 0;

Consider min
x;y;z

ðxy� zÞ first. Let p1, p2, p3, p4, p5, p6, p7,
p8 � 0 be the Lagrange multipliers for the above inequalities
in the order they are mentioned. Because none of x ¼ 0, y ¼
0, x ¼ xU, and y ¼ yU can represent an optimal solution, we
set p5 ¼ p6 ¼ p7 ¼ p8 ¼ 0. Then, the Lagrangian (L) and
KKT conditions are as follows:

L ¼ xy� zþ ðz� xUyÞp1 þ ðz� yUxÞp2
þ ðyUxþ xUy� xUyU � zÞp3 � zp4 ðA5Þ

p3 þ p4 ¼ p1 þ p2 � 1 (A6)

x ¼ ðp1 � p3ÞxU (A7)

y ¼ ðp2 � p3ÞyU (A8)

ðz� xUyÞp1 ¼ 0 (A9)

ðz� yUxÞp2 ¼ 0 (A10)

yUxþ xUy� xUyU � z
� �

p3 ¼ 0 (A11)

zp4 ¼ 0 (A12)

x; y > 0; p1;p2; p3;p4 � 0; x\ xU; y\ yU (A13)

From Eqs. A6 to A8, we obtain x ¼ (p4þ1�p2)x
U and y

¼ (p4þ1�p1)y
U. These imply p1 [ 0 and p2 [ 0, because x

\ xU and y \ yU. Using these, we get z ¼ yxU ¼ xyU or z
[ 0 from Eqs. A9, A10, and A13. This gives us p3 ¼ 0 and
p4 ¼ 0 from Eqs. A11 to A12. Therefore, p1 ¼ p2 from Eqs.
A7 to A8. This also implies p1 ¼ p2 ¼ 1/2 from Eq. A6.
Thus, x ¼ xU/2, y ¼ yU/2, z ¼ xUyU/2, and

min
x;y;z

ðxy� zÞ ¼ �xUyU=4. Similarly, we can show that

min
x;y;z

ðxy� zÞ ¼ �xUyU=4. For this case, x ¼ xU/2, y ¼ yU/2,

and z ¼ 0. Therefore, min
x;y;z

jxy� zj is xUyU/4 and occurs at x

¼ xU/2 and y ¼ yU/2.

Appendix B: Optimal Segment Lengths

Univariate partitioning

Let x in an arbitrary bilinear product z ¼ xy be partitioned
into N segments (n¼ 1, 2, …, N) of lengths dn. From Appendix

A, dn/4 is the maximum departure of z ¼ xy from its LP relaxa-
tion in partition n. To obtain the optimal segment lengths, we
minimize the sum of squares of all departures as follows:

Minimize
XN
n¼1

d2n
16

subject to
XN
n¼1

dn ¼ 1

Let dn ¼ u2n, and a be the Lagrange multiplier for the
equality constraint. The KKT conditions of the above gives
us dn ¼ �8a. Substituting in

PN
n¼1 dn ¼ 1 gives us 8Na þ 1

¼ 0 and dn ¼ 1/N. Thus, uniform placement seems to the
best scheme for univariate partitioning.

Bivariate partitioning

Let x have N and y have M segments for z ¼ xy with
lengths dxn (n ¼ 1, 2, …, N) and dym (m ¼ 1, 2, …, M).
Then, for the bivariate case, we have,

Minimize
XN
n¼1

XM
m¼1

d2xnd
2
ym

16

subject to
XN
n¼1

dxn ¼ 1 and
XM
m¼1

dym ¼ 1

If a and b are the Lagrange multipliers for the two equal-
ities, dxn ¼ u2n, and dym ¼ v2m, the KKT conditions give us
dxn ¼ �2a and dym ¼ �2b. Substituting back in the two
equalities gives us dxn ¼ 1/N and dym ¼ 1/M. Again, uniform
placement is the best choice.

Appendix C: MIBLP model for HENS in
Case Study 1

Let h, c, and k denote hot stream, cold stream, and stage,
respectively. Also, let HU, CU, K, IN, and OUT represent
hot utility, cold utility, total number of stages, inlet, and out-
let, respectively. The HENS model involves the following
parameters and variables.

Parameters

CFhc, CFh,CU, CFc,HU ¼ fixed costs for heat exchangers
(HE), coolers, and heaters

CCU, CHU ¼ per unit cost of cold, hot utility
Chc, Ch,CU, Cc,HU ¼ area cost coefficients
Uhc, Uh,CU, Uc,HU ¼ overall heat transfer coefficients
Th,IN, Th,OUT ¼ inlet and outlet temperatures of hot stream h
Tc,IN, Tc,OUT ¼ inlet and outlet temperatures of cold stream c
THU,IN, THU,OUT ¼ inlet and outlet temperatures of hot utility
TCU,IN, TCU,OUT ¼ inlet and outlet temperatures of cold

utility
Fi, Fj ¼ heat capacity flow rates
d ¼ minimum approach temperature
X ¼ upper bound on heat transfer
C ¼ upper bound on temperature difference

Binary variables

zhck ¼ 1 if hot stream h contacts cold stream c at stage k
zcuh ¼ 1 if hot stream h contacts cold utility
zhuc ¼ 1 if cold stream c contacts hot utility
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Continuous variables

qhck ¼ heat duty of the HE corresponding to match (h, c, k)
qcuh ¼ heat duty of the cooler corresponding to hot stream h
qhuc ¼ heat duty of the heater corresponding to cold stream c
Ahck ¼ area of the HE corresponding to match (h, c, k)
Acuh ¼ area of the cooler corresponding to hot stream h
Ahuc ¼ area of the heater corresponding to cold stream c
dthhck ¼ temperature approach in the hot end of HE (h, c, k)
dtchck ¼ temperature approach in the cold end of HE (h, c, k)
dtcuh ¼ temperature approach in the hot end of cooler for

hot stream h
dthuc ¼ temperature approach in the cold end of heater for

cold stream c
thk ¼ temperature of hot stream h at the hot end of stage k
tck ¼ temperature of cold stream c at the hot end of stage k
thhck ¼ temperature of part of the hot stream h after HE (h,

c, k)
tchck ¼ temperature of part of the cold stream c after HE (h,

c, k)
fhhck ¼ fraction of the flow of hot stream h in HE (h, c, k)
fchck ¼ fraction of the flow of cold stream c in HE (h, c, k)
Unless stated otherwise, all indices assume the full ranges

of their valid values in all the constraints. The HENS model
is as follows.
Objective function:

Minimize
X
h

X
c

X
k

CFhczhck þ
X
h

CFh;CUzcuh

þ
X
c

CFc;HUzhuc þ
X
h

CCUqcuh þ
X
c

CHUqhuc

þ
X
h

X
c

X
k

ChcAhck þ
X
h

Ch;CUAcuh þ
X
c

Cc;HUAhuc

(C1)

Stream splitting:

X
c

fhhck ¼
X
h

fchck ¼ 1 (C2)

Overall energy balance for each stream:

X
c

X
k

qhck þ qcuh ¼ Fh Th;IN � Th;OUT
� �

(C3a)

X
h

X
k

qhck þ qhuc ¼ Fc Tc;OUT � Tc;IN
� �

(C3b)

Energy balance at each stage:X
c

qhck ¼ Fh thk � th kþ1ð Þ
� �

(C4a)

X
h

qhck ¼ Fc tck � tc kþ1ð Þ
� �

(C4b)

Energy balance for each heat exchanger

qhck ¼ fhhckFh thk � thhckð Þ ¼ fchckFc tchck � tc kþ1ð Þ
� �

(C5)

Hot and cold utility balances:

qcuh ¼ Fh th Kþ1ð Þ � Th;OUT
� �

(C6a)

qhuc ¼ Fc Tc;OUT � tc1
� �

(C6b)

Fix inlet temperatures:

th1 ¼ Th;IN (C7a)

tcðKþ1Þ ¼ Tc;IN (C7b)

Monotonic decrease in temperatures:

thk � th kþ1ð Þ � Th;OUT (C8)

Tc;OUT � tck � tc kþ1ð Þ (C9)

thk � thhck (C10a)

tc kþ1ð Þ � tchck (C10b)

Logical constraints:

qhck � Xzhck (C11a)

qcuh � Xzcuh (C11b)

qhuc � Xzhuc (C11c)

Approach temperatures:

dthhck � thk � tchck þ C 1� zhckð Þ (C12a)

dtchck � thhck � tc kþ1ð Þ þ C 1� zhckð Þ (C12b)

dtcuh � th Kþ1ð Þ � TCU;OUT þ C 1� zcuhð Þ (C13a)

dthuc � THU;OUT � tc1 þ C 1� zhucð Þ (C13b)

Heat transfer equations:

qhck ¼ UhcAhck

dthhck þ dtchck

2

� �
(C14a)

qcuh ¼ Uh;CUAcuh
dtch þ Th;OUT � TCU;IN

2

� �
(C14b)

qhuc ¼ Uc;HUAhuc
dthuc þ THU;IN � Tc;OUT

2

� �
(C14c)

Variable bounds:

0 � fhhck � 1; 0 � fchck � 1; dthhck � d; dtchck � d;

dthuc � d; dtcuh � d;Th;OUT � thk � Th;IN;

Tc;IN � tck � Tc;OUT;Th;OUT � thhck � Th;IN;Tc;IN � tchck

� Tc;OUT; 0 � qhck � min Fh Th;IN
�� �Th;OUT

�
;

Fc Tc;OUT � Tc;IN
� �	

; 0 � qcuh � Fh Th;IN � Th;OUT
� �

;

and 0 � qhuc � Fc Tc;OUT � Tc;IN
� �

:
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We use a minimum approach of 10 K, X 5 106, and C 5
103. The fixed costs of heat exchangers, heaters, and coolers
are US$15000. The area cost coefficients are taken as 30 for
all exchangers and coolers, and 60 for heaters. The overall
heat transfer coefficients are taken as 0.0857, 0.06, 0.067,
0.05, 0.1154, .0833, 0.18182, and 0.09524 for matches H1-
C1, H1-C2, H2-C1, H2-C2, H1-cooler, H2-cooler, C1-heater,
and C2-heater, respectively. Costs of unit hot and cold util-
ities are US$110 and US$10, respectively.

Appendix D: MIBLP model of the
pooling problem from MF in
Case Study 2

Let s, c, e, and t denote source, quality, sink, and plant,
respectively. Let S, C, E, and T denote the set of sources,
qualities, sinks, and plants, respectively. MF model involves
the following parameters and variables.

Parameters

fsources ¼ flow rate of source s
qsourcecs ¼ value of quality c in source s
qmax
ce ¼ maximum allowable value of quality c in sink e

rct ¼ removal ratio of quality c in plant t
case ¼ cost per unit flow from source s to sink e
cbte ¼ cost per unit flow from plant t to sink e
cctt0 ¼ cost per unit flow from plant t to plant t0

cdst ¼ cost per unit flow from source s to plant t
cet ¼ cost per unit flow through plant t
cyase ¼ fixed cost of pipeline from source s to sink e
cybte ¼ fixed cost of pipeline from plant t to sink e
cyctt0 ¼ fixed cost of pipeline from plant t to plant t0

cydst ¼ fixed cost of pipeline from source s to plant t
cyet ¼ fixed cost of plant t

Binary variables

yase ¼ 1 if stream connecting source s to sink e is selected
ybte ¼ 1 if stream connecting plant t to sink e is selected
yctt0 ¼ 1 if directed stream connecting plant t to plant t0 is

selected
ydst ¼ 1 if stream connecting source s to plant t is selected
yet ¼ 1 if plant t is selected

Continuous variables

ase ¼ flow rate of stream connecting source s to sink e
bte ¼ flow rate of stream connecting plant t to sink e
ctt0 ¼ flow rate of directed stream connecting plant t to plant

t0

dst ¼ flow rate of stream connecting source s to plant t
et ¼ flow rate of plant t effluent

Objective function:

Minimize
X
s2S

cas f sources �
X
t2T

dst

 !
þ
X
t2T

X
s2S

cbt dst

þ
X
t2T

X
t02Tn tf g

cbt ct0t � ctt0ð Þ þ
X

t02Tn tf g
cctt0 þ cet0
� �

ctt0

0
@

1
A

þ
X
s2S

X
t2T

cdst þ cet
� �

dst þ
X
s2S

cays yas þ
X
t2T

cbyt ybt

þ
X
t2T

X
t02Tn tf g

cbytt0 y
c
tt0 þ

X
s2S

X
t2T

cdsty
d
st þ

X
t2T

ceyt y
e
t ðD1Þ

Constraints:

f sources �
X
t2T

dst � yas �as � 0 s 2 S (D2)

X
t02Tn tf g

ct0t �
X

t02Tn tf g
ctt0 þ

X
s2S

dst � ybt
�bt � 0 t 2 T (D3)

ctt0 � yctt0�ctt0 � 0 t 2 T; t0 2 Tn tf g (D4)

dst � ydst
�dst � 0 s 2 S; t 2 T (D5)

yas as � f sources þ
X
t2T

dst � 0 s 2 S (D6)

ybt bt �
X

t02Tn tf g
ct0t þ

X
t02Tn tf g

ctt0 �
X
s2S

dst � 0 t 2 T (D7)

yctt0 ; ctt0 � ctt0 � 0 t 2 T; t0 2 Tn tf g (D8)

ydstdst � dst � 0 s 2 S; t 2 T (D9)X
s2S

dst þ
X

t02Tn tf g
ct0t � yet �et � 0 t 2 T (D10)

�
X
s2S

dst �
X

t02Tn tf g
ct0t þ yet et � 0 t 2 T (D11)

yctt0 þ yct0t � 1 t 2 T; t0 2 Tn tf g (D12)

X
s2S

qctdst þ
X

t02Tn tf g
qctct0t

¼ 1� rctð Þ
X

t02Tn tf g
qct0ct0t þ

X
s2S

qsourcecs dst

0
@

1
A c 2 C; t 2 T

ðD13ÞX
s2S

f sources qsourcecs � qmax
c

� �þX
s2S

X
t2T

dst �qsourcecs þ qct
� �

þ
X
t2T

X
t02T

dst qct � qmax
c

� �
ct0t � ctt0ð Þ � 0 c 2 C; t 2 T ðD14Þ

Variable bounds:

0 � ase � �ase; 0 � bte � �bte; 0 � ctt0 � �ctt0 ;

0 � dst � �dst; and 0 � qct � �qct:
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Appendix E: BLP model from KG in Case Study 3

We use the following BLP model from KG in case study 3.

Sets and indices

i, k ¼ stream indices
j ¼ contaminant
m ¼ mixer
min ¼ set of inlet streams into mixer m
mout ¼ outlet stream from mixer m
MU ¼ set of mixers
J ¼ set of contaminants
n ¼ interval
p ¼ process unit
pin ¼ inlet stream into process unit p
pout ¼ outlet stream from process unit p
PU ¼ set of process units
r ¼ treatment technology
s ¼ splitter
sin ¼ inlet stream into splitter s
sout ¼ set of outlet streams from splitter s
SU ¼ set of splitters
t ¼ treatment unit
tin ¼ inlet stream into treatment unit t
tout ¼ outlet stream from treatment unit t
TU ¼ set of treatment units

Parameters

AR ¼ annualized factor for investment on treatment units
CFW ¼ cost of freshwater
CiL
j ¼ lower bound on concentration of contaminant j in stream i

CiU
j ¼ upper bound on concentration of contaminant j in stream i

CriL
j ¼ lower bound on concentration of contaminant j in

input/output stream i of treatment technology r
CriU
j ¼ upper bound on concentration of contaminant j in

input/output stream i of treatment technology r
FiL ¼ lower bound on flow in stream i
FiU ¼ upper bound on flow in stream i
FriL ¼ lower bound on flow in input/output stream i of treat-

ment technology r
FriU ¼ upper bound on flow in input/output stream i of treat-

ment technology r
H ¼ hours of plant operation per annum
ICt ¼ investment cost coefficient for treatment unit t
Lpj ¼ load of contaminant j inside process unit p
N ¼ total number of intervals used for partitioning each flow
OCt ¼ operating cost coefficient for treatment unit t
Pp ¼ flow demand in process unit p
a ¼ cost function exponent (0\ a � 1)
btj ¼ 1� {(removal ratio for contaminant j in unit t (in %))/100}
brtj ¼ 1 � {(removal ratio for contaminant j in unit t using

technology r (in %))/100}
crt ¼ investment cost coefficient for treatment unit t using

technology r
dj ¼ maximum concentration of contaminant j allowed in

discharge

fj ¼ maximum flow of contaminant j allowed in discharge
Hrt ¼ operating cost coefficient for treatment unit t using

technology r

Continuous variables

Ci
j ¼ concentration of contaminant j in stream i

fij ¼ flow of contaminant j in stream i
foutj ¼ flow of contaminant j in the outlet stream to the envi-

ronment
Fi ¼ flow rate of stream i
FW ¼ freshwater intake into the system
INVt ¼ investment cost for treatment unit t
OPt ¼ operating cost for treatment unit t

Binary variables

wt
rn ¼ 1 if flow through the rth treatment technology for

treatment unit t lies in the nth interval
yrt ¼ 1 if rth treatment technology is chosen for treatment unit t
kin ¼ 1 if the flow variable Fi takes a value in the nth interval

Objective function:

Minimize
X
i2s1out

Fi þ
X
t2TU
i2tout

Fi (E1)

Mixer units:

Fk ¼
X
i2min

Fi m 2 MU; k 2 mout (E2)

FkCk
j ¼

X
i2min

FiCi
j j 2 J;m 2 MU; k 2 mout (E3)

Splitter units:

Fk ¼
X
i2sout

Fi m 2 SU; k 2 sin (E4)

Ci
j ¼ Ck

j j 2 J; s 2 SU; i 2 sout; k 2 sin (E5)

Process units:

PpCi
j þ 103Lpj ¼ PpCk

j j 2 J; p 2 PU; i 2 pin; k 2 pout

(E6)
Treatment units:

Fk ¼ Fi t 2 TU; i 2 tout; k 2 tin (E7)

Ci
j ¼ btjC

k
j j 2 J; t 2 TU; i 2 tout; k 2 tin (E8)

Bound strengthening cut:X
p2PU

103Lpj ¼
X
t2TU
i2tin

1� btj

� �
f kj þ f outj j 2 J (E9)

Also, note that Fk ¼ Fi ¼ Pp for p [ PU, i [ pin, k [ pout.
We also fix the known flows.

Manuscript received Apr. 24, 2009, revision received July 18, 2009, and final
revision received Oct. 1, 2009.
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